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“[ML] is the new electricity”
—Andrew Ng (2017)



“There’s a self-congratulatory feeling in the air. We
say things like “‘machine learning is the new electricity.’
I'd like to offer an alternative metaphor: machine

learning has become alchemy.”
—Ali Rahimi at NIPS 2017
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Fundamental principles underlying
deep learning architectures



“The knowledge of certain principles easily

compensates the lack of knowledge of certain facts”
—Claude Adrien Helvétius



Symmetry



“Symmetry, as wide or as narrow as you may
define its meaning, is one idea by which man
through the ages has tried to comprehend and
create order, beauty, and perfection”

Weyl 1952



ON THE SHOULDERS OF GIANTS
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Euclidean geometry
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Early attempts

A B A B A B

Khayyam-Saccheri quadrilateral

“Three cases of angles in a quadrilateral: Fifth Postulate
follows from the right-angle assumption”

Omar Khayyam



Early attempts

Et hujus quidem ( poft multa, ne dicam omnia,con-
ditionaté expenfa ) abfolutam falfitatem in XXXIIL tan-
dem oftendo, quia repugnantis natura linez recte, circa
quam multa ib1 interfero neceflaria Lemmata. Tandem
verd in pracedente Propofitione abfoluté demonftro fibi

ipfi repugnantem hypothefin anguli acuti .

“repugnant to the nature of straight lines”
— Giovanni Saccheri
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Projective Geometry

G. Desargues

Desargues 1643; Poncelet 1822
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Pus J. V. PONCELET,

Ancsen Eléve de TEcobe Polytechnique , Capitaine au corps royal da Géie ,
Membre de la Sociéeé des Sciences , Lettres ot Arts de Mezz.

i
DUPEN, Diérelappements ds Glumitvi.

PARIS,

BACHELIER, LIBRAIRE, QUAI DES AUGUSTINS.

1822,

“Projective geometry”

J. V. Poncelet



“Non-Euclidean Geometry

“I have discovered such
wonderful things that I was
amazed... out of nothing I
have created a strange new

world.”
— Jénus Bolyai to his father

Bolyai (1823) 1832
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“Non-Euclidean Geometry”

“To praise it would amount to praising myself. For
the entire content of the work...coincides almost
exactly with my own meditations [in the] past thirty

or thirty-five years.”
— Gauss to Farkas Bolyai

C. E Gauss

Gauss ~1800



“Non-Euclidean Geometry”

“In geometry I find certain
imperfections which I hold to be
the reason why this science [...]
can as yet make no advance from
that state in which it came to us
from Euclid. I consider [...] the
momentous gap in the theory of
parallels, to fill which all efforts
of mathematicians have so far
been in vain.”

Lobachevsky (1826) 1829

178
O HAYAANAXD TEOMETPIH (%)

(I. No6auescxaro.)

Kaxemcu , MPYAHOCMb NOHAMIA yBesyu-
BAEMCA MO MBPH UXb NPUOMKEHIA Kb HaYaAbHbIMD
MCMMHAMD Bb NPUPOAL; MaKkKe KaKb OHA BO3pPa-
cmaemdb Bb APYrowmb HanpaBAeHiu , Kb moi rpa-
HALB, KyAa CMpeMAMCH ywb 33 HOBbIMyM TO3HA-
uisvu. Bomn nowemy mpyanocmu s [eomempin
AOXHBI TPeHaltexamb , BONEPBbIXD, CamMomy Npea-
memy. Jasbe , cpeAcmsa , Kb KOMOPbIMD HAAOGHO
npuGBraymp Ymodbl AOCMUrHYMb 3ABCh NMOCABAHEH
cmporocmy , eAsa MM MOrymb omgbyamb QTJM "
npocmomB cero yweHis. 1B , KOmopbie Xomba
YABO/EMBOPAMD CvMb MpebOBaHiAVD, 3aKAOYMI
cebs Bb MakoA MBCHOA Kpyrd , Wmo BCH  youais
MXb He MOrMM Obimd BOJHArPAKACHBI YCITBXOMD.
Haxoneyn  ckaxem» u mo , wmo co BPCMEHH
Hiomona u Jlexapma , scs Mamemamuxa,
cabrapumcy Anammukod , nouwsa cmosp  Gmcm-
PHIMM  Iaravy BUEpPeAb, MO OCMABMAd A24eKO 34
coboft mo yuenie, Gean komoparo morsa  yxe 06-

(*) Havaeveno casmms Conmummenems s pascyx-
AeRia , NoAY Ha : Expositi imet
des principes de la Gé ie ete., un
»Mu 0a sackpamin Omabienin Puanko-Mame
Namuyeckuxs nayxw) 12 Qespaan 1826 roaa.

N. Lobachevsky



“Non-Euclidean Geometry”

B. Riemann

Constant-curvature spherical Variable-curvature Riemannian 1 85 6

geometry geometry on manifolds
(“Mannigfaltigkeit”)

Riemann 1856



19" Century Zoo of Geometries




The Erlangen Programme

“Given a [homogeneous]
manifold and a
transformation group acting
[transitively] on it, to
investigate those properties of
figures on that manifold
which are invariant under
transformations of that

group”

Klein 1872

Vergleichende Betrachtungen

iiber

neuere geometrische Forschungen

Dr. Felix Klein,
0. b, Professor der Mathematik an der Universitit Erlangen.

——

Proegramm

zum Eintritt in die philosophische Facultit und den Senat
der k. Friedrich-Alexanders-Universitat

zu Erlangen.

Erlangen

Verlag von Androas Deichert
1872.

E. Klein



The Erlangen Programme

Euclidean Affine Projective
o= r—<<—a
<<

-\ << -\ Y <<
angle + — —
distance + — —
area + — —
parallelism + + —
intersection + + +



Group Theory
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Hyperbolic geometry

E. Beltrami E. Klein

Beltrami-Klein projective model of hyperbolic

geometry sogenannte nicht-

Euklidische Geometrie
Beltrami 1868; Klein 1871



Beyond Erlangen Programme

E. Cartan B. Riemann F. Klein



Category Theory

GENERAL THEORY OF NATURAL EQUIVALENCES

By
SAMUEL EILENBERG AND SAUNDERS MacLANE

CoNTENTS

“...a continuation of the Klein
Erlangen Programme, in the
sense that a geometrical space
with its group of =
transformations is generalized | @iz
to a category with its algebra

of mappings”

i S. Eilenberg S. Mac Lane

Rrou|
31. Miscellancous remarks. . ... .

Appendix. Represeatations of categori o e s e 200
Introduction. The subject matter of this paper is best explained by an
example, such as that of the relation between a vector space L and its “dual®

Presented to the Society, September 8, 1942; received by the editors May 15, 1945.




Noether’s Theorem

“Every [differentiable]
symmetry of the action of a
physical system [with
conservative forces] has a
corresponding conservation

24

law

Noether 1918

Invariante Variationsprobleme.

(F. Klein zum fiinfzigjihrigen Doktorjubildum.)
Von
Emmy Noether in Gdttingen.

Vorgelegt-von F. Klein in der Sitzung vom 26. Juli 19181).

Es handelt sich um Variationsprobleme, die eine kontinuier-
liche Gruppe (im Lieschen Sinne) gestatten; die daraus sich er-
gebenden Folgerungen fiir die zugehdrigen Differentialgleichungen
finden ihren allgemeinsten Ausdruck in den in § 1 formulierten,
in den folgenden Paragraphen bewiesenen Sitzen. Uber diese aus
Variationsproblemen entspringenden Differentialgleichungen lassen
sich viel priizisere Aussagen machen als iiber beliebige, eine Gruppe
gestattende Differentialgleichungen, die den Gegenstand der Lieschen
Untersuchongen bilden. Das folgende beruht also auf einer Verbin-
dung der Methoden der formalen Variationsrechnung mit denen der
Lieschen Gruppentheorie. Fiir spezielle Gruppen und Variations-
probleme ist diese Verbindung der Methoden nicht neu; ich er-
wiihne Hamel und Herglotz fiir spezielle endliche, Lorentz und
geing Schifiler (z. B.-Fokker), Weyl und Klein fir spezielle unend-
liche Gruppen®). Insbesondere sind die zweite Kleinsche Note und
die vorliegenden Ausfilhrangen gegenseitig durch einander beein-

1) Die endgiltige Fassung des Manuskriptes wurde erst Ende September
eingereicht. )

2) Hamel: Math. Ann, Bd. 59 und Zeitschrift f. Math. u. Phys. Bd. 50.
Herglotz: Ann. d. Phys. (4) Bd. 86, bes. § 9, S.511. Fokker, Verslag d. Amster-
damer Akad., 27./1. 1917. Fur die weitere Litteratur vergl. die zweite Note von
Klein: Gottinger Nachrichten 19. Juli 1918,

In einer eben erschiencnen Arbeit von Kneser (Math. Zeitschrift Bd. 2) handelt
es sich um Aufstellung von Invari nach dhnlicher Method

Kgl. Ges. d. Wiss. Nachrichtes, Math.-pbys. Klasss,, 1918, Heft 2. 17

E. Noether

1918



Gauge invariance

Lieber Kollege! —
Postcard dated 15 April
1918 from Einstein to
Weyl arguing with his
initially proposed
gauge theory

Weyl 1919; 1929 (see Straumann 1987)
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Unification of forces

PHYSICAL REVIEW VOLUME 96, NUMBER 1 OCTOBER 1, 1954

Conservation of Isotopic Spin and Isotopic Gauge Invariance*

C. N. Yane t anp R. L. MiLLs
Brookhaven National Laboralory, Uplon, New York

(Received June 28, 1954)

1t is pointed out that the usual principle of invariance under isotopic spin rotation is not consistant with
the concept of localized fields. The possibility is explored of having invariance under local isotopic spin
rotations. This leads to formulating a principle of isotopic gauge invariance and the existence of a b field
which has the same relation to the isotopic spin that the electromagnetic field has to the electric charge. The > |
b field satisfies nonlinear differential equations. The quanta of the b field are particles with spin unity, - \ A ( “‘
isotopic spin unity, and electric charge e or zero. ‘

/

Unification of electromagnetic and weak forces (modelled C. N. Yang R. L. Mills
with the groups U(1) x SU(2)) and the strong force (based on

the group SU(3)) 1 954

Yang, Mills 1954



External symmetry

Internal symmetry

H. Minkowski R. L. Mills






“It is only slightly overstating the case to say that
Physics is the study of symmetry”

— “More is different”, Science 1972

P. Anderson

Anderson 1972






EARLY NEURAL NETWORKS
& THE Al WINTER




Dartmouth Al Conference 1956

2




Early neural networks

SENSORY
UNITS
(S-UNITS)
RET INAL
,____-—‘u-____\ UNITS
RETNA CIRCUITS
a: .o-“
0— Q0
0] 'v.v
o0— 1 0."'
0—— 0.0 00|l —
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l=l-]

Lel-]

Perceptron, one of the first neural network architectures

Rosenblatt 1957

F. Rosenblatt



Early neural networks

Da
S A

Early skip connections

Rosenblatt 1962

PRINCIPLES OF
NEURODYNAMICS

PERCEPTRONS AND THE THEORY
OF
BRAIN MECHANISMS

By FRANK ROSENBLATT

. SPARTAN BOOKS
B e s, wppmee

F. Rosenblatt



Early hype

THE

NEW YORKER

“First serious rival to the
human brain even devised.”

“Remarkable machine
capable of what amounts to
thought”

| =
o -a-m-wad PN

: = :.7';-‘ Nt (s anww
— The New Yorker s e SRS e 8 B E e 4 "%

Manson, Stewart, Gill 1958



Early hype

Papert 1966

MASSACHUSETTS INSTITUTE OF TECHNOLOGY
PROJECT MAC

Artificial Intelligence Group July 7, 1966
Vision Memo. No. 100.

THE SUMMER VISION PROJECT

Seymour Papert

The summer vision project is an attempt to use our summer workers
effectively in the construction of a significant part of a visual system.
The particular task was chosen ptrt*z because it can be segmented into
sub-problems which will allow individuals to work independently and yet
participate in the construction of a system complex enough to be a real

landmark in the development of "pattern recognition!l.



The “XOR Affair”

0,1 1,1
@] o
0,0 1,0
o @
XOR

“[simple] perceptron
cannot represent even
the XOR function”

Minsky, Papert 1969







“Simple perceptron”

— y = sign(w'x)




First “geometric” machine learning

Group Invariance Theorem: "if a
neural network is invariant to a group,
then its output can be expressed as
functions of the orbits of the group”

M. Minsky S. Papert

Minsky, Papert 1969



Universal approximation

D. Hilbert A. Kolmogorov V. Arnold G. Cybenko K. Hornik

2n n
13th Problem flar,. . mn) =D @, (Z ¢q,p(:vp)) “Modern” results specific to
qg=0 p=1

multilayer neural networks

Hilbert 1900; Arnold 1956; Kolmogorov 1957; Cybenko 1989; Hornik et al. 1989



Universal approximation

T

X y »

“A 2-layer perceptron can approximate
a continuous function to any desired
accuracy”

£7

Cybenko 1989; Hornik 1991; Barron 1993; Leshno et al 1993; Maiorov 1999; Pinkus 1999



Deep learning = glorified curve fitting




Universal approximation

T

X y : x
How many samples are needed to
approximate to accuracy ¢ ?

£7

Cybenko 1989; Hornik 1991; Barron 1993; Leshno et al 1993; Maiorov 1999; Pinkus 1999



The Curse of Dimensionality

2-dimenstonal

\ 4



The Curse of Dimensionality

3-dimenstonal

X —>




The Curse of Dimensionality

d-dimenstonal







The Lighthill Report

“Most workers in Al research and in

related fields confess to a pronounced
feeling of disappointment in what has Artificial Intelligence

been achieved in the past twenty-five "
years. [...] In no part of the field have l
the discoveries made so far produced

the major impact that was then

J. Lighthill

1972

promised.”

Lighthill 1972



THE EMERGENCE OF
GEOMETRIC ARCHITECTURES




Secrets of the visual cortex

Electrical signal
from brain

Recording electrode ——

Visual area
of brain
0
Q Stimulus

Experiments of Hubel and Wiesel that established the
structure of the visual cortex

Hubel, Wiesel 1959; 1962

1959

A -’\
3

5

WK

WV b - y

(NS F‘ | /

\‘\ et Y

N / LR
U/ e

\ /

T. Wiesel



Neocognitron

Ke!

K. Fukushima

1980

Neocognitron, an early geometric neural network

Fukushima 1980



IEEEEEEE & EEE =

input image input vector




I O A A |

input image input vector

“The response of [Perceptrons] was severely affected by the shift
in position [...] of the input patterns. Hence, their ability for
pattern recognition was not so high.” — Fukushima



Neocognitron

0/0 [g0lol[0s] -
LI LB —o
2112|2222 & -
31333333 -0
2 | 2 A4 4 Al-p K. Fukushima

Experimental evaluation of the Neocognitron

Fukushima 1980



Neocognitron

* Deep neural network (7 layers tested)

Local connectivity (“receptive fields”)

Nonlinear filters with shared weights (S-layers)

* Average pooling (C-layers)

Rel.U activation function A

”Self-organised” (unsupervised) — no backprop yet! K. Fukushima

Fukushima 1980



How to train your neural network?

F. Rosenblatt A. Ivakhnenko S. Linnainmaa P. Werbos D. Rumelhart

Perceptron Group method of Backpropagation
learning rule data handling
(1 layer)

Rosenblatt 1957; Ivakhnenko, Lapa 1966; Linnainmaa 1970; Werbos 1982; Rumelhart et al. 1986



Convolutional neural networks

10 output units 1 [ :
fully connected

~ 300 links

layer H3

30 hidden units fully connected

~ 6000 links

layer H2 . .

12 x 16=192 ., LA )

hidden units : ~ 40,000 links
from 12 kernels
5x5x8

layer H1

12 x 64 = 768

hidden units

~20,000 links
from 12 kernels

256 input units

First version of a CNN

LeCun et al. 1989

& ()
—— VT

AT&T DSP-32C
capable of 125m floating
point multiply-accumulate

operations/sec




LeNet-5

C3: f. maps 16@10x10
C1: feature maps S4: f. maps 16@5x5
6@28x28

S2: f. maps
6@14x14

INPUT
32x32

|
I Full oonrlectlon | Gaussian connections
Convolutions Subsampling Convolutions ~ Subsampling Full connection

LeNet-5 classical CNN architecture

MNIST digits dataset

LeCun et al. 1998




Recurrent Neural Networks

OUTPUT
/
oN®
y® y@ y® y@® y®
t t t t t

(1) (2) 3) (4)
HIDDEN h(o)_’ R h J R h o R h J R h y R —— -
o o o 1o s
to be or not to
\ 0

INPUT STA'i/

Simple RNN architecture used Unfolded RNN and the Vanishing Gradient problem
by Michael Jordan

McCulloch, Pitts 1943 (“circular paths”); Minsky 1967 (“networks with cycles”); Rumelhart et al. 1985 (generalisation of gradient-based learning in “recurrent nets”)
Jordan 1986; Elman 1990



Long Short Term Memory (LSTM)

net s.=s . +gy" ye
N PTG >
w¢:II

fd?x ., fdfx

S. Hochreiter J. Schmidhuber

Hochreiter 1995; Hochreiter, Schmidhuber 1997; Pascanu et al. 2003



Time warping

i corners

doors § i kid : Lo
Loandi thaf's: § pie=est

Image: Portilla, Heintz



Computer vision in the 2000s

LA 8
>
(%)
[ H 0 I
PLONERLY Bdu
Feature detection Feature description Feature aggregation Classification

A typical image classification pipeline from the 2000s

Sivic, Zisserman 2003



ImageNet

Top-5 error
25%
20%
15%
10% -
5% -

0%
2010 2011 2012 2013 2014 Human 2015 2016 2017
NEC-UIUC XRCE AlexNet ZFNet GooglLeNet ResNet GooglLeNet
VGGNet -v4

AlexNet beating all “handcrafted” approaches on ImageNet
benchmark—the moment of truth for computer vision
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L. Fei-Fei



AlexNet
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AlexNet architecture

Nvdia GTX 580 GPU capable of
~200G FLOP/sec

Krizhevsky et al. 2012

A. Krizhevsky
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GRAPH NEURAL NETWORKS &
THEIR CHEMICAL PRECURSORS




Early chemoinformatics

Pharmacentioches

Central -Blatt Py

®_o

CAS %

A division of the
American Chemical Society

A}

1830

L 3

.......
....................

First chemical abstracts journal Beilstein Handbusch Chemical Abstracts Service
Chemisches Zentralblatt 1830-1969 ~500 volumes, 500k pages as of today ~200m compounds



Early chemoinformatics
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Punch card for early computer




Structural similarity of molecules

CH3s H
NN
l
A% C—NH—
N cH S
CHs\N—(‘: ll. CH NH Ir
—CHy  ~NH—C
" N/ Ny —
i a)

H'N3JTC3NC3J!' MC3NX3N3HJ!? H!'N3R'C3R'NC3NRINSHR!

Early “chemical ciphers” used for molecule representations
fail to capture structural similarity

Vladut et al. 1959; Portrait: Thor Gorskiy (from a photo courtesy of Serge Vladut)




Graph theory & Chemistry

CHEMISTRY AND ALGEBRA

IT may not be wholly without interest to some of the

readers of NATURE to be made acquainted with
an analogy that has recently forcibly impressed me
between branches of human knowledge apparently so
dissimilar as modern chemistry and modern algebra.

The weight of an invariant is identical with the number
of the bonds in the chemicograph of the analogous
chemical substance, and the weight of the leading term
(or basic differentiant) of a co-variant is the same as the
number of bonds in the chemicograph of the analogous
compound radical. Every invariant and covariant thus
becomes expressible by a grapk precisely identical with a
Kekuléan X

iagram or chemicograph.
Baltimore, January 1 " J.J. SYLVESTER

The term “graph” appeared first in the
chemical context

Sylvester 1878
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Graph theory & Chemistry
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First Graph Neural Networks

A\ .
Y ’ Ky

\‘
A. Sperduti C. Goller A. Kiichler M. Gori F. Scarselli A. Micheli

Labeling RAAM Backprop through structure “Graph Neural Networks” “NN4G”

1994 1996 2005, 2008 2009




Back to the chemical roots

T‘a.rgets

DFT
~ 103 seconds |&,wp, ..

b

d\ Message Passing Neural Net

N A I O
\\:/ | =\ W, =4, 4
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\

~ 1072 seconds

GNN-based D. Duvenaud Chemical property prediction

molecular fingerprints using message passing GNNs

Duvenaud et al. 2015; Gilmer et al. 2017



Back to the chemical roots

The international journal of science / 26 August 2021 outiook
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60 ALPHAFOLD
o Alnetwork predicts highly
9 accurate 3D structures
40 for the human proteome
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CASP7  CASP8 CASP9 CASPIO CASP11  CASPI2 CASP13 CASPI4
2006 2008 2010 2012 2014 2016 2018 2020

An “ImageNet” moment of structural biology

from climate change

Jumper et al. 2021
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THE BLUEPRINT




Convolutional Neural Network Graph Neural Network




Convolutional Neural Network Graph Neural Network

Underlying domain: Underlying domain:
grid graph



Convolutional Neural Network Graph Neural Network

7

Symmetry: Symmetry:
Translation Permutation



Convolutional Neural Network Graph Neural Network
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Symmetry: Symmetry:
Translation Permutation



Convolutional Neural Network Graph Neural Network

Convolution: Message passing:
translation equivariant permutation equivariant



Convolutional Neural Network Graph Neural Network

Convolution: Message passing:
translation equivariant permutation equivariant



Michael M. Bronstein, Joan Bruna, Yann LeCun, o ® @ )
Arthur Szlam, and Pierre Vandergheynst

any scientific fields study data with an underlying [e)

structure that is non-Euclidean. Some examples ° (' \ Y

include social networks in computational social sci- =) \'

ences, sensor networks in communications, func- . )
tional networks in brain imaging, regulatory networks in o)
genetics, and meshed surfaces in computer graphics. In
many applications, such geometric data are large and com- L] [ ]
plex (in the case of social networks, on the scale of billions) @ >
and are natural targets for machine-learning techniques. . . ]
In particular, we would like to use deep neural networks, .. v
which have recently proven to be powerful tools for a broad .. " Q
range of problems from computer vision, natural-language [} .
processing, and audio analysis. However, these tools have
been most successful on data with an underlying Euclidean or
grid-like structure and in cases where the invariances of these .
structures are built into networks used to model them.

Geometric deep learning is an umbrella term for emerging

techniques attempting to generalize (structured) deep neural mod- L ]
els to non-Euclidean domains, such as graphs and manifolds. The @ [2)
purpose of this article is to overview different examples of geometric
deep-learning problems and present available solutions, key difficul-
ties, applications, and future research directions in this nascent field.

Overview of deep learning

Deep learning refers to learning complicated concepts by building them from

simpler ones in a hierarchical or multilayer manner. Artificial neural networks are

popular realizations of such deep multilayer hierarchies. In the past few years, the growing
computational power of modern graphics processing unit (GPU)-based computers and the avail
ability of large training data sets have allowed successfully training neural networks with many
and degrees of freedom (DoF) [1). This has led to qualitative breakthroughs on a wide variety of tasks, from
speech recognition (2], [3] and machine translation [4] to image analysis and computer vision [5]-[11] (see [12]

Geometric Deep Learning

Going beyond Euclidean data

‘Bronstein, Bruna, Cohen & Veli¢kovié




The Erlangen Programme of ML
Geometric Deep Learning
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Example: Convolutional Neural Networks

Plane R? images X (R?) functions F (X (Q))
-1 LT — * —>
T <:://u /::::
_A//: /:/,/"
AT /:::’
T ::55?1
I
Translation group T(2) Shift operator S Convolutional layer

Spx(u) = x(u—v) (Sxxy)=S(x~*y)



Example: Graph Neural Networks

Graph ¢ = (V,E) Node features X (G) functions ?(X (Q))

Permutation group S, Permutation matrix P Message passing

PX = (x,-10,) F(PX,PAPT) = PF(X,A)



Example: Equivariant Graph Neural Networks

Graph ¢ = (V,E) Node features X (G) functions ?(X (Q))

Permutation group S, Permutation matrix P Equivariant message passing

Rotation R F(PXR,PAP') = PF(X,A)R



Geometric Deep Learning Blueprint



Scale Separation in Physics




The “5G” of Geometric Deep Learning

Grids Groups Graphs Geometric Graphs
& Gauges



The “5G” of Geometric Deep Learning

Images & Homogeneous Graphs & Sets Manifolds, Meshes &
Sequences spaces Geometric graphs



Perceptrons
Function regularity
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Wang et al. 2023

TacticA

>\ 1

Receiver?

Who makes
first contact
with the ball?

Shot?

Will a shot
be taken?

Adjust?
How to position
the players to
increase/decrease
shot probability?
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